The effects of polymer concentration and chain length on aggregation in associative polymer solutions, are studied using self-consistent field lattice model. Only two inhomogenous morphologies, i.e. microfluctuation homogenous (MFH) and micelle morphologies, are observed in the systems with different chain lengths. The temperatures at which the above two inhomogenous morphologies first appear, which are denoted by T MFH and Tm, respectively, are dependent on polymer concentration and chain length. The variation of the logarithm of critical MFH concentration with the logarithm of chain length fulfils a linear-fitting relationship with a slope equaling −1. Furthermore, the variation of the average volume fraction of stickers at the micellar core (AVFSM) with polymer concentration and chain length is focused in the system at Tm. It is founded by calculations that the above behavior of AVFSM, is explained in terms of intrachain and interchain associations.
Introduction
Physically, associating polymers are polymer chains containing a small fraction of attractive groups along the backbones. The attractive groups, for example, solvophobic groups, tend to form physical links which can play an important role in reversible junctions between different polymer chains. The junctions can be broken and recombined frequently on experimental time scales. This property of junctions makes associative polymer solutions behave reversibly when ambient conditions, such as temperature and concentrations, change. This tunable characteristic of the system produces extensive applications [1] [2] [3] [4] that possess great potential as smart materials [5] [6] [7] .
The attractive groups (also called sticker monomers) drive the self-assembly of the polymers, leading to the formation of polymeric micelles in physically associating polymer solutions (PAPSs). In telechelic [8, 9] and multiblock [10] associative polymers, flower micelles were observed. This aggregation, as well as their ability to form bridges between micelles, profoundly affect their macroscopic properties, particularly their rheological behavior, which is required in many applications. In telechelic associative polymers, the effects of architectural parameters of polymers have been assessed, such as chain length, end-group length, and chemical composition [11] [12] [13] [14] [15] . In multiblock associative polymers, the effect of chain architecture of polymer on the property of aggregates [16, 17] was studied, which suggested that chain architecture can be an important factor in controlling macroscopic properties of the systems. However, the above studies of multiblock PAPSs were carried out in two dimensions and at low concentrations.
It is well known that self-consistent field theory (SCFT), as a mean-field theory, has been applied to the study of a great deal of problems in polymeric systems [18] [19] [20] [21] . Recently, SCFT has been applied to the study of the properties of micelles in polymer solutions [22] [23] [24] . In the previous paper [10] , given a fixed chain length, we focused on the thermodynamic properties and structure transitions in PAPSs. The microfluctuation homogenous (MFH) morphology, which corresponds to the onset of gelation [10, 25] , and micelle morphology were observed. The degrees of aggregations of the above two morphologies are very different. The volume fraction of stickers in micelle morphology is much bigger than that in MFH morphology. In this work, the property of the aggregation in PAPAs is studied using self-consistent field lattice model. The temperatures at which MFH and micelle morphologies first appear, which are denoted by T MFH and T m , respectively, and the average volume fraction of stickers at the micellar core, φ s (r co ) , are calculated. Such calculations are carried out for different chain lengths and polymer concentrations. It is found that T MFH , T m and φ(r co ) are dependent on chain length and polymer concentration, and the relationship of φ s (r co ) with chain length and polymer concentration is explained in terms of intrachain and interchain associations.
Theory
We consider a system of incompressible PAPSs, where n P polymers, each of which is composed of N st segments of sticker monomer type (attractive group) and N ns segments of nonsticky monomer type, are distributed over a lattice. Each sticker monomer is a regularly placed apart l monomer along the chain backbone. The degree of polymerization of chain is N = N st + N ns . In addition to polymer monomers, n h solvent molecules are placed on the vacant lattice sites. Sticker, nonsticky monomers and solvent molecules are of the same size and each occupies one lattice site. The total number of lattice sites is N L = n h + n P N . Nearest neighbor pairs of stickers have attractive interaction − with > 0, which is the only non-bonded interaction in the present system. The interaction energy is expressed as:
where r means the summation over all the lattice sites r and r means the summation over the nearest neighbor sites of r. φ st (r) = j s∈st δ r,rj,s is the volume fraction of stickers on site r, where j and s are the indexes of chain and monomer of a polymer, respectively. s ∈ st means that the sth monomer belongs to sticker monomer type. In this simulation, however, instead of directly using the exact expression of the nearest neighbor interaction for stickers, we introduce a local concentration approximation for the non-bonded interaction [10, 26] . r φ st (r ) in equation (2.1) is replaced with z φ st (r), where z is the coordination number of the lattice used. Within this approximation, the interaction energy is expressed as:
where χ is the Flory-Huggins interaction parameter in the solutions, which is equal to z 2kBT . We perform the SCFT calculations in the canonical ensemble, and the field-theoretic free energy F is defined as follows:
where Q h is the partition function of a solvent molecule subject to the field ω h (r) = ω + (r), which is defined as
. Q P is the partition function of a noninteraction polymer chain subject to the fields ω st (r) = ω + (r) − ω − (r) and ω ns (r) = ω + (r), which act on sticker and nonsticky segments, respectively. Following the scheme by Schentiens and Leermakers [27] , Q P is expressed as
, where r N and α N denote the position and orientation of the N th segment of the chain, respectively. rN αN means the summation over 43601-2 all the possible positions and orientations of the N th segment of the chain. G αs (r, s|1) is the end segment distribution function of the sth segment of the chain, which is evaluated from the following recursive relation:
where G(r, s) is the free segment weighting factor and is expressed as
The initial condition is G α1 (r, 1|1) = G(r, 1) for all the values of α 1 . In the above expression, the values of λ αs−αs−1 rs−r s−1 depend on the chain model used. We assume that
This means that the chain is described as a random walk without the possibility of direct backfolding. Although self-intersections of a chain are not permitted, the excluded volume effect is sufficiently taken into account [28] . Another end segment distribution function G αs (r, s|N ) is evaluated from the following recursive relation:
with the initial condition G αN (r, N |N ) = G(r, N ) for all the values of α N . Using the expressions of the end segment distribution functions, the single-segment probability distribution function P (1) (r, s) and the two-segment probability distribution function P (2) (r 1 , s 1 ; r 2 , s 2 ) of the chain can be defined as follows:
which is the normalized probability that the monomer s of the chain is on the lattice site r;
and G(r, s 1 ; r, s 2 ) =
.....
yield the probability that the monomers s 1 and s 2 of the chain are on the lattice sites r 1 and r 2 , respectively. It can be verified that r P (1) (r, s) = 1, and r2 P (2) (r 1 , s 1 ; r 2 , s 2 ) = P (1) (r 1 , s 1 ). Equation (2.3) can be considered as the alternative form of the self-consistent field free energy functional for incompressible polymer solutions [29] . When a local concentration approximation for the non-bonded interaction is introduced, the SCFT description of lattice model for PAPSs presented in this work is basically equivalent to that of the "Gaussian thread model" chain for the similar polymer solutions [29] . The related details are presented in [10] .
Minimization of the free energy function F with ω − (r) and ω + (r) leads to the following saddle point equations:
where
are the average numbers of sticker and nonsticky segments at r, respectively, and
is the average numbers of solvent molecules at r. The saddle point is calculated using the pseudo-dynamical evolution process presented by Fredrickson et al. [30] :
The calculation is initiated from appropriately randomly-chosen fields ω + (r) and ω − (r), and stopped when the change of free energy F between two successive iterations is reduced to the needed precision. The resulting configuration is taken as a saddle point configuration. By comparing the free energies of the saddle point configurations obtained from different initial fields, the relative stability of the observed morphologies can be assessed.
Result and discussion
In our studies, the properties of associating polymers depend on three tunable molecular parameters: χ (The Flory-Huggins interaction parameter), N (Chain length) and l (The number of nonsticky monomers between two neighboring stickers along the backbone, l equals 9 in this paper). The calculations are performed in three-dimensional simple cubic lattice with periodic boundary condition. The aggregation behavior is first sketched using the lattice with the size N L = 26 3 . Then, the obtained results are verified using larger size lattices. The results presented below are obtained from the lattice with N L = 40 3 . Three different morphologies, i.e., the homogenous, micro-fluctuation homogenous and micelle morphologies, are observed in PAPSs. By comparing the relative stability of the observed states, the phase diagram is constructed. Figure 1 shows the phase diagram of the systems with different chain lengths N . In this study, when N is changed, only MFH morphology and micelles are observed as inhomogeneous morphologies. The structural morphology of MFH morphology does not change, and micellar shape remains spherelike (see figure 2 ). For N = 21, the χ value on micellar boundary (∼ 1/T m ) increases with decreasingφ P . Approaching to critical micelle concentration (φ CMC = 0.04) 1 , micellar boundary abruptly becomes steep. The χ value on MFH boundary (∼ 1/T MFH ) also goes up with the decrease inφ P , which resembles the behavior on the micellar boundary. The critical MFH concentration (φ CFC = 0.37) is much higher than that of micellar morphology. Therefore, the MFH boundary intersects with the micellar boundary atφ CFC . When N is increased, at fixedφ P , the χ value on micellar boundary shifts slightly to larger value, and the χ value on MFH boundary decreases markedly, which is different from that on micellar boundary.φ CFC also decreases with the increase in N . Figure 3 shows the variations of the logarithm ofφ CFC with the logarithm of N . It is seen that the straight line with a slope equaling −1 fits the results for all chain lengths considered in this study. The appearance of MFH morphology is considered as the onset of gelation [10, 25] . Therefore, critical MFH concentrationφ CFC should correspond to the critical gelation concentration C * , which is analyzed in terms of the concept of chain overlap. The critical gelation concentration C * , at which quasi-ideal coils begin to overlap, the pervaded volume of one another is related to the chain length as N = KC −2 * , where K is a constant [31] [32] [33] . The corresponding slope of the critical concentration C * at quasi-ideal coil is −2. Similarly, at the excluded volume chain, the corresponding quantity is −5/4. The slope of fitting straight line at associative polymer chain is the smallest of the above three cases. It is demonstrated that the physically associating polymer chain in solution should be elongated compared with the excluded volume chain and quasi-ideal coil.
In order to measure the degree of aggregation of stickers, an order-parameter-type variable [10] is used in this work. It is expressed as: where Φ is determined by the distribution of the volume fraction of stickers {φ st (r)}, which is a function of χ andφ P . For homogenous solutions (HS), Φ is equal to zero. Figure 4 shows the variations of Φ in MFH and micelle morphologies with an increasing χ whenφ P = 0.8 near HS-MFH and MFH-micelle transition points, in the systems with N = 21 and N = 81. It is seen that the degree of the aggregation of stickers increases with an increasing χ at fixed N . Compared with N = 81, although the value of Φ at fixed χ above MFH-micelle transition point at N = 21 is larger, the variations of Φ on the above two cases with χ are similar. However, near HS-MFH transition point, the variation of Φ with χ at N = 21 is obviously different from that of N = 81. The value of Φ at N = 21 increases more rapidly than that of N = 81 when χ is increased. The heat capacity C V is proportional to the first derivative of Φ with respect to temperature [10, 34, 35] . When N is increased, the maximum of the peak of C V decreases, and the corresponding half-width increases near the HS-MFH transition. The shape of the peak of C V near MFH-micelle transition point does not practically change with the increase in N (not shown). It is demonstrated that the change of N has a greater effect on HS-MFH transition than that on MFH-micelle transition. The aggregation number of micelles, which is used to account for some properties, for example, the rheological behavior of associative polymers, is a major focus in many experimental [36] [37] [38] and theoretic [39] studies. In this paper, the average volume fraction of stickers at micellar cores φ s (r co ) is similar to the average aggregation number of the micelle. Figure 5 shows the variations of φ s (r co ) on micellar boundary withφ P and N in the systems. Being given a fixed chain length, when φ P is increased, φ s (r co ) decreases. When N is increased, at fixedφ P , the variation of φ s (r co ) withφ P , does not practically change forφ P 0.4, on the other hand, when 0.4 <φ P 0.9, φ s (r co ) increases. The decreasing tendency of φ s (r co ) withφ P becomes gentle with the increase in N at high polymer concentrations. It is shown that the effect of the increase in N on φ s (r co ) is related toφ P .
In order to interpret the effects of N andφ P on the aggregation of stickers in micelle morphology, we evaluate the probabilities that a polymer chain forms intrachain and interchain associations in the system using an approach similar to the one presented in Refs. [10, 40, 41] . We suppose that there are no other sticker aggregates in the micellar system except the micellar cores because the volume fraction of stickers at micellar core approaches 1, and that of the rest of the system is less than 10 −1 . A sticker in a particular chain can form an intrachain association, as well as interchain association. Ignoring the probabilities that more than two stickers of a definite chain are attached to a micellar core, the conditional probability that the sticker s 1 concerns the intrachain association, provided that the sticker s 1 is at the micelle core r co , can be expressed as:
where s2∈st,s2 =s1 means the summation over all the stickers of a polymer chain except the s 1 th one, P
(1) (r co , s 1 ) and P (2) (r co , s 1 ; r co , s 2 ) are the single-segment and two-segment probability distribution functions of a chain, respectively. Then, 1 − p loop (r co , s 1 ) is the conditional probability that the sticker s 1 is linked with those belonging to other chains when the sticker s 1 is at r co , and
is the probability that a sticker s 1 of a chain is related to interchain association, where rco means the summation over all the micellar cores of the system. The summation of P lk (s 1 ) over all the stickers in a chain, n lk = s1,s1∈st P lk (s 1 ), can be viewed as the average sticker number from a particular polymer chain linked with other chains by sticker aggregates. The total number of stickers participating in interchain association in the system is expressed as n inte =
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n P n lk . The total number of stickers belonging to intrachain association is defined as Figure 6 shows the variations of the average fractions of intrachain and interchain associations within a micelle, denoted by f intr = n intr /N m and f inte = n inte /N m , respectively, withφ P and N in the systems identical with those presented in figure 5 . Being given a fixed chain length, whenφ P is increased, f intr does decrease markedly first, and then the decreasing tendency of f intr becomes gentle whenφ P exceeds some value. Except for the case of N = 21, f inte at fixed N increases markedly first, and then increases gently with the increase inφ P , which is contrary to f intr . At N = 21, f inte increases toφ P = 0.6, then decreases slightly with the increase inφ P . When N is increased, f intr at fixedφ P increases, and corresponding f inte decreases. Whenφ P is increased the differences of f intr and f inte in various N become small. In other words, the effect of chain length on f intr and f inte at low concentrations is more pronounced than that at high concentrations.
The relative magnitude of f intr and f inte at fixed N is dependent onφ P . Except for N = 21, whenφ P is low, f inte at fixed N is smaller than corresponding f intr . For N = 101, f intr equals 1, and corresponding f inte equals =0 atφ P = 0.015 and χ = 6.0. The micelle is absolutely aggregated by intrachain association. Whenφ P exceeds some value, which is related to N , f inte at fixed N is larger than corresponding f intr . When N = 21, f inte is always larger than f intr in the considered range ofφ P .
In light of the variations of φ s (r co ) withφ P and N in the systems, the effect of chain length on aggregation of stickers is more pronounced at high concentrations. However, seen from respective value of f intr and f inte at fixedφ P , the increase of chain length is more favorable to the change of intrachain and interchain associations at low concentrations, which is different from the above conclusions drawn in light of φ s (r co ) . It is shown that [see figure 6 ], being given a fixed chain length, although f intr is smaller than the corresponding f inte at high concentrations, the decrease of φ s (r co ) with the increase inφ P is similar to that of f intr , instead of f inte , in the considered range ofφ P . When N is increased, f intr at fixedφ P goes up. It is notable that the effect of chain length on f intr at low concentrations is much more pronounced than that at high concentrations. However, the increase of f intr at fixedφ P does not result in the dramatical change of φ s (r co ) at low concentrations. At high concentrations (φ P > 0.4), on the contrary, φ s (r co ) with a big chain length has a larger value. It is reasonable that φ s (r co ) is also affected by f inte . Whenφ P is low, f inte at fixedφ P with a long chain length is much smaller than that with a short chain. Therefore, the increase of f intr at fixedφ P is canceled by the de-
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crease of corresponding f inte , thus increasing in N . With the increase inφ P , f inte at fixedφ P goes up markedly. The difference of f inte among different N becomes small. The contribution of f intr to φ s (r co ) resulting from the increase in N begins to appear. It is demonstrated that the effects of chain length and polymer concentration on φ s (r co ) do interact each other. The increase of chain length is favorable to intrachain association, and retains interchain association, which is contrary to the effect of the increase inφ P . Whenφ P is increased, the effect of chain length on intrachain and interchain associations is weakened. In other words, the polymer concentration and chain length simultaneously control the formations of intrachain and interchain associations.
Conclusion and summary
Using the self-consistent field lattice model, the effects of polymer concentrationφ P and chain length N on aggregation in physically associating polymer solutions are studied. When N is changed, only two inhomogenous aggregates, i.e., the MFH and micelle morphologies, are observed in PAPSs. Whenφ P is decreased, being given a fixed N , the χ values on MFH and micellar boundaries increase. At fixedφ P , the increase in N remarkably decreases the χ value on MFH boundary, but slightly increases the χ value on micellar boundary. The logarithm of critical MFH concentration as a function of the logarithm of N fulfils a fitting straight line with a slope equaling -1, which demonstrates that the associating polymer chain in solution should be elongated compared with an excluded volume chain. Furthermore, on micellar boundary, the average volume fraction of stickers at a micellar core, φ s (r co ) , which is similar to the average aggregation number, decreases at fixed N whenφ P is increased. With the increase in N , on the other hand, φ s (r co ) , at fixedφ P , does not practically change whenφ P 0.4. Whenφ P > 0.4, on the other hand, the increase in N causes the increase of φ s (r co ) at fixedφ P . There is found a decreasing tendency of variation of φ s (r co ) at fixed N , withφ P is determined by intrachain association, instead of interchain association, and the magnitude of φ s (r co ) with different N is affected by intrachain and interchain associations. At fixedφ P , when the difference of the contribution of interchain association to φ s (r co ) between different N goes down to some extent, the corresponding effect of intrachain association on φ s (r co ) begins to appear.
The architectural parameters of polymer are important to the properties of PAPSs. In this paper, only the effect of chain length of the polymer is investigated. When the other parameters, for example, the nonsticky monomer number between two neighboring stickers l, are changed, the aggregation behavior is different. When l is increased, the χ values on MFH and micellar boundaries rise. The increase of l has a different effect on the specific heat peaks for HS-MFH and MFH-micelle transitions. Systemical studies are presented in our subsequent work. Our calculations are within the mean field framework, which may also be taken as a starting point to the further study, i.e., the direct calculation of the partition function of the system using complex Langevin simulations [29] .
